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Abstract We measure stability of two-dimensional
granular mixtures in a rotating drum and relate grain con-
figurations to stability. We use two types of grains which
differ in both size and shape, with the larger grains reaching
a larger average angle before an avalanche. In our mixtures,
the smaller grains cluster near the center of the drum, while
the larger grains remain near the outer edge, a pattern sug-
gesting that grain size rather than avalanche angle determines
the segregation behavior. One consequence of the size segre-
gation is that the smaller grains heavily influence the stability
of the heap. We find that the maximum angle of stability is
a non-linear function of composition, changing particularly
rapidly when small grains are first added to a homogeneous
pile of large grains. We conclude that the grain configuration
within the central portion of the heap plays a prominent role in
stability.
Keywords Rotating drum · Static sandpile · Avalanches ·
Segregation · Grain shape
1 Introduction
Granular materials have received much attention due to their
important practical applications in fields ranging from geol-
ogy to the food industry [1]. Despite the simple behavior of
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individual grains, a granular system can display complex col-
lective behavior. In different regimes of density and motion,
granular matter may most mimic a solid, liquid, or gas [2].
Although a good deal of effort has gone into cataloging these
phases, there is little understanding of how the microscopic
grain configuration leads to specific macroscopic behavior;
that is, which features in an arrangement of grains are most
important. Observed hysteresis in the transition to crystal-
line order [3] and in the numbers of contacts between grains
[4] demonstrates that the microscopic configuration contains
subtle information on the system’s history. A more strik-
ing illustration of the importance of microstructure comes
from sound propagation experiments, where a fractional size
change in a single grain can change the total sound transmis-
sion through a granular heap by up to 25% [5].
Understanding the connection between configuration and
behavior is particularly necessary for moving from exper-
imental studies of homogeneous mixtures to the heteroge-
neous mixtures that appear in most industrial and other
applications, since the range of possible configurations is
broader for a mixture than for a homogeneous sample. In
addition to slight shiftings of grains between stable configu-
rations, the distribution of the two species through the sample
can vary. In fact, heterogeneous mixtures commonly undergo
segregation, a phenomenon of great interest for materials
processing [6]. Segregation of binary mixtures also occurs
in the laboratory, in vibrating bed [7,8] and rotating drum
experiments [9–22], and upon pouring into a Hele-Shaw cell
[23–25]. It can be caused by differences in particle size,
shape, smoothness, or density. Here we measure binary mix-
tures in a two-dimensional rotating drum. We describe our
apparatus and the segregation patterns we observe. We then
combine the segregation observations with measurements of
avalanches to probe how different configurations influence
stability.
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2 Experimental setup
The grains of our mixture are composed of 18
′′
-diameter ball
bearings. We use both single spherical bearings and hexago-
nal shapes created by welding seven ball bearings together,
as described elsewhere [26]. The two grains are shown in
the inset of Fig. 2. The hexagonal shapes can form near-per-
fect triangular lattices of the individual spheres, in which the
joints between balls are impossible to distinguish, demon-
strating that the welding process does not significantly distort
the balls.
We use a rotating drum consisting of a 18
′′
-thick alumi-




-thick sheets of Plexiglas sandwich the aluminum sheet
and contain the mixture. We believe that friction between the
grains and the Plexiglas is not a major factor in the behav-
ior of the pile. Our measured angle of stability for a pile of
spherical grains is 31◦, very close to the 30◦ expected from
simple geometrical arguments for a two-dimensional heap of
circles [27]. Also, since we use brass or steel balls, gravita-
tional forces in our system are stronger than in piles of glass
or plastic beads. Confining the grains to a single layer allows
us to track visually the exact configuration of the grains dur-
ing the rotation. It also eliminates the axial segregation into
bands that has been observed in three-dimensional experi-
ments and models of binary mixtures [10,13,17,19,20,22].
We can then focus purely on radial segregation, which also
occurs in three-dimensional rotating drums [12,15] in a wider
range of conditions than axial segregation.
The drum rotates about its center with rotational speed
controlled by a motor. We rotate at 500 mHz, or one full turn
in just over half an hour. This slow speed allows for static-
limit behavior, characterized by discrete avalanches and a
near-linear free surface. An avalanche occurs when the pile
rotates into an unstable configuration, at which point grains
begin to flow down the pile. We refer to the angle of the
pile’s free surface when an avalanche begins as the angle
of stability, and the angle after the avalanche as the repose
angle. If one configuration leads to a larger angle of stability
than another, we refer to it as a “more stable” configuration.
During an avalanche only the top few layers of grains flow
and the bulk of the heap remains stable. The flowing layer
takes the shape of a pie wedge determined by the stability
and repose angles: more grains flow at the top and less at the
bottom. In a typical avalanche for our piles, which fill about
28% of the container, the flowing layer reaches a maximum
depth of about 1–2 cm. The rotation of the drum during an
avalanche is about one-third of a degree, for most purposes
small enough to be ignored. We also verified experimentally
that, within the uncertainty of our measurements, the distri-
bution of avalanches in angle does not change with rotation
speed up to 1 mHz.
The binary mixture is inserted into the tumbler through a
slot in one side of the aluminum sheet. The opening is closed
during rotation. Since we are studying the behavior of binary
mixtures, the hexagonal shapes must be entered carefully to
avoid breakage. As described below, even a small percent-
age of single spheres in a pile of hexagonal grains noticeably
decreases the pile’s stability, and broken hexagons have a
similar effect. After completing measurements on a pile, we
check for broken shapes. If more than 1% of the hexagonal
shapes are broken, we discard the data and remeasure that
composition. The breakage leads to a slight uncertainty in the
effective mixture composition. Since the mixtures we mea-
sure have nominal compositions from 0 to 100% hexagons,
and differ from each other by at least 2%, an uncertainty in
composition of less than 1% does not qualitatively affect our
results.
An alternate method for loading the mixture is to disas-
semble the tumbler and remove one of the Plexiglas faces.
The shapes can then be placed in the aluminum sheet with
little risk of breaking. However, if the screws which hold the
Plexiglas and the aluminum sheets together are not tightened
equally, slight differences in how uniformly the grains are
confined to a single layer cause changes in avalanche angle
with container orientation. The signature of this problem is
a periodicity in the average angle of stability that matches
the rotation rate of the drum. To avoid such bias, we adjust
the container until our data show no rotation periodicity, and
then leave the drum undisturbed through the entire set of
measurements.
To achieve “steady-state” measurements, where each grain
configuration has developed from previous avalanches, we
rotate at 500 mHz for at least 20 min after a mixture is loaded
into the tumbler before beginning to record avalanches. This
avoids anomalous results arising from the configuration of
the grains upon loading. We then rotate the drum for one to
two hours to obtain about 100 discrete avalanches, filming the
entire time with a digital video camera. Avalanches are larger
and less frequent for the hexagons than for the spheres, so the
filming takes correspondingly longer. We transfer the frames
immediately before and after each avalanche to a computer.
For each image we perform a series of vertical scans that
identify the height of the free surface of the pile. Connecting
the heights corresponding to the different scans gives a piece-
wise linear curve that tracks the free surface. We then extract
the average slope by a least-squares fit to the heights. In this
manner we find both the angle of stability before an avalanche
and the angle of repose afterward. For further analysis, we use
a minimum 4-degree difference between the two angles as a
cutoff in avalanche size, discarding any images from smaller
rearrangements. As described elsewhere [28], we can also
compute the pile’s packing fraction from the images. White
paper around the outside of the circular drum region and a red
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Fig. 1 Typical segregation for mixture of hexagons (dark) and spheres
(light) in steady-state rotation. Shown are mixtures with a 7%, b 18%,
c 58%, and d 89% single spheres by area
background inside provide contrast that improves the image
processing.
For many of the measurements we use brass ball bearings
for the single balls, which we can distinguish by color from
the steel hexagons. In Fig. 1, we show typical configurations
of the mixtures. To better convey the configurations in these
small images, the brass balls are lightened (green online) for
visibility [29]. We identify the brass balls from their yel-
lowish color. About 70% of the brass balls are determined
unambiguously. However, light reflected from nearby brass
balls or red background can give even the steel balls a slight
yellow tint, producing a small overlap in the color ranges of
the brass and steel balls. We select those balls with the stron-
gest yellow tint as brass, choosing a cutoff so that the correct
number of brass balls are found. For a few piles we have com-
pared the computer determination with the original pile, and
we find that about 95% of the brass balls are properly identi-
fied. The few misidentifications do not qualitatively alter the
segregation patterns.
3 Results and discussion
3.1 Segregation
The spheres cluster near the center of the drum, usually
slightly below the free surface of the heap. The hexagons
tend to inhabit the outer portions of the drum. Several
previous studies [16,19,22], both numerical and experimen-
tal, have also found that size differences lead to radial seg-
regation, with smaller shapes moving to the drum center.
Interestingly, other work [14,18] shows that differences in
stability angle can also cause radial segregation, with shapes
of higher stability moving to the center. The size and shape
characteristics can compete with each other. When a mix of
small smooth grains and large faceted grains are dropped onto
a pile, the grain types form striations within the pile [23–25].
A much simpler segregation occurs when the smaller grains
are also more faceted. In this case the larger shape collects at
the bottom and the smaller shape at the top of the pile, with a
sharp demarcation between the two regions [24]. The upper
portion of the pile has a steeper slope, as expected from larger
angle of stability of the more faceted grains. Geologists have
long been aware of such patterns, using striations to under-
stand how sediment settled out of the flows that created rock
structures [30].
For our shapes, the hexagons with their irregular edges
have a higher angle of stability than do homogeneous spheres.
In the experiments mentioned above on building a pile from
a grain mixture, the segregation pattern depends on the dif-
ference in stability angles. This also occurs for continuously
avalanching material in a rotating drum, where a character-
istic “S”-shaped surface profile [31,32] naturally causes the
component with higher repose angle to collect in the cen-
tral, steeper portion of the pile. For components differing in
shape, the less regular material generally has a higher repose
angle and moves to the center. However, for our hexagons
and spheres, the size difference apparently overwhelms shape
effects in the segregation process. We find no striations or
fingering, but rather a clustering consistent with pure size
segregation. Possibly this behavior would change for large
rotation speeds, but at our slow speeds, with a near-linear
free surface, the reduced influence of shape is not surprising.
Since the brass balls we use weigh about 10% more than
the steel balls, the change in material could affect the segrega-
tion and avalanche behavior. For a few mixtures we repeated
our measurements with all steel balls, and verified that substi-
tuting the brass ball bearings does not change either the ava-
lanche angles or the packing fractions. We have also recently
observed similar segregation patterns with all steel balls,
where the hexagons were painted with green nail polish to
identify them. Hence the density difference of the materials
appears to be a relatively unimportant factor in our results.
Figure 1 shows the progression of the segregation as the
concentration of single balls increases. For small percentages
(2–8%) the singles, which converge towards the bottom of
the laminar layer, group themselves into small clusters. The
size and number of these clusters increases with composition.
The 7% composition (Fig. 1a) shows singles congregating
into these distinct clumps of 5–10 singles. These clusters all
lie within an elongated region running roughly parallel to the
free surface.
At 18% spheres (Fig. 1b), the small clusters have grown
together and the singles have saturated the elongated area
near the center of the free surface. With further increase in the
fraction of single spheres, this central region grows, spread-
ing outward both along the free edge and perpendicular to
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Fig. 2 Angles of stability (filled diamonds) and repose (open circles)
for different pile compositions, averaged over about 100 avalanches for
each pile. One standard deviation for the average angle is typically less
than half a degree, so error bars would be comparable to the symbol
size and are not shown. The solid line is a guide the eye. The dotted
line, which is the best linear fit to the repose angles, is shown to illus-
trate the downward dip for intermediate compositions. Inset: sphere and
hexagon grains
it. At the other extreme, in mixtures with primarily single
spheres (Fig. 1d), the few hexagons lodge along the outer
edge of the container.
3.2 Stability
We now turn to the maximum angles of stability for our binary
mixtures. From previous work [28] we know that hexagons
are significantly more stable than single ball bearings. Sim-
ilar results were reported in [33] for pentagons. The max-
imum angle that a pile attains before an avalanche varies
depending on the exact arrangement of grains within the pile,
with the standard deviation typically four to five degrees. In
Fig. 2, we average the angles before approximately 100 ava-
lanches for each composition. The standard deviations of the
average values are comparable to the symbol size. We find
that varying the fraction of spheres in the mixture changes the
stability of the pile in a decidedly nonlinear manner. For mix-
tures with a small percentage of spheres, the stability angle
decreases quickly. At the other extreme, a few hexagons in
a pile of spheres have much less effect on the pile’s stabil-
ity. The repose angles are also shown in Fig. 2, with a dotted
line representing the best linear fit. The dependence of repose
angles on composition is much closer to linear, although here
too the angles dip downward for the most evenly mixed com-
positions.
The addition of spheres to the pile of hexagons serves to
decrease the angle of stability, which is unsurprising given
the much lower angle of stability of homogeneous spheres.
The segregation behavior described above may be one possi-
ble factor in explaining why small numbers of single spheres
have a larger effect on the observed angles of stability for a
hexagonal pile than a few hexagons do on a pile of spheres.
We propose that when avalanches begin depends most heav-
ily on the configuration in the central region of the drum.
Since the spheres tend to cluster in the middle of the pile, a
small concentration of single spheres could have an enhanced
effect on the avalanches. Conversely, a small number of hexa-
gons in a pile of spheres move to the outside of the drum and
would have much less effect on the avalanche behavior.
3.3 Effects of segregation on stability
To test the importance of the central portion of the pile, we
examine the stability of configurations far from the typical
segregation patterns. Using a mixture of 91% hexagons and
9% spheres, we load the spheres into the drum first, so that
they cluster along the bottom edge of the drum, and then add
the hexagons on top of them. This places the spheres as far as
possible from their eventual position in the center just below
the free surface. We record avalanches from when rotation
begins, without the usual 20-min settling time. Since the sin-
gle balls are peripheral for the first few avalanches, we expect
stability comparable to the initial stability of a homogeneous
hexagonal pile. During these early avalanches, the singles
rotate with the drum until they reach the top of the pile and
begin participating in the avalanches. Next we expect a transi-
tion period in which the spheres are no longer extraneous and
the stability angle should decrease. Once the single spheres
have migrated to their usual central position, subsequent ava-
lanches should reflect the usual characteristics of the steady
state of the mixture.
Figure 3 shows the first 15 avalanches in this test of initial
stability for the mixture with 9% spheres, as well as a similar
measurement of initial avalanches for a homogeneous pile
of hexagons. Because of the variability in individual ava-
lanches, we measure the stability angles in several trials at
each composition. Between trials the drum is emptied and
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Fig. 3 Avalanche stability angle for the first 15 avalanches for homo-
geneous hexagons (open squares, solid line) and a mixture with 9%
singles (filled circles, dashed line). Error bars correspond to one stan-
dard deviation in each direction. Horizontal dashed and dotted lines are
averages of the last six avalanches for the pure hexagon and the mixture,
respectively. Data are averaged over five runs for the hexagons and six
for the mixture. The mixture was loaded for each run with the single
spheres along the outside edge of the container, as described further in
the text
reloaded. The data of Fig. 3 are averaged across these trials,
avalanche by avalanche. Standard deviations are large com-
pared to those of Fig. 2 because of the fairly small number
of trials: six for the mixture and five for the pure hexagons.
Even for the homogeneous pile, the first few avalanches
depend on the packing produced by loading the drum rather
than on configurations resulting from previous avalanches,
and show wide variations in the maximum angle before the
avalanche. The similar behavior for the first few avalanches
in the homogeneous pile and in the mixture shows that the
large variations stem not from the particular location of the
single balls around the container edge but from more gen-
eral effects of loading the drum. The first six avalanches of
both compositions have average angle of stability compara-
ble to that of the steady-state homogeneous hexagons. This
indicates that, initially, the singles are indeed peripheral both
physically and in their effect on the avalanches. After about
10 avalanches, the average stability for the 9% composition
has transitioned towards the steady-state average. Visually,
this corresponds well to when the single spheres permeate the
central area of the mix and start the clumping characteristic
of radial segregation. The segregation occurs within about 13
of a full rotation.
The initial stability measurements confirm the importance
of the central region of the drum avalanches, but deliberately
Fig. 4 An illustration of how the pile is divided into slices, following
the description in the text
arranging the grains to test the stability of certain arrange-
ments is a painstaking process. We can also study naturally
occurring variations in grain configurations and how they
correlate to stability. In this case we cannot choose spe-
cific arrangements to examine, and the distinctions among
piles are less extreme; for example, the single spheres always
clump near the center. On the other hand, generating large
numbers of avalanches requires far less labor.
To investigate the importance of individual single spheres,
we divide each pile into slices as illustrated in Fig. 4. In defin-
ing the angle of the free surface, we already identify a piece-
wise linear curve that tracks the irregularly shaped edge of the
pile, shown as the uppermost white curve in Fig. 4. We then
translate the irregular curve perpendicular to the surface in
1-cm increments, with the translates also shown in white, and
count the number of brass balls between each pair of adjacent
curves. The inset to Fig. 5 shows what fraction of the single
balls reside in each slice, averaged over all avalanches for
a given mixture. Combined with the total number of singles
in the pile, this gives an absolute measure of the number of
single near the free surface. Among the three concentrations
shown, the segregation phenomenon is strongest for the pile
with 18% singles.
For each pile composition and slice depth, we calculate
the correlation between the number of brass balls found in
the slice and the angle of the avalanche for that configu-
ration. The main frame of Fig. 5 displays the results. The
trend, clearly seen for the pile with 18% singles, is that for
the slices nearest to the free surface, the number of single
balls is negatively correlated with the average angle or sta-
bility. When many single balls are close to the surface, a pile
is more prone to avalanche. For slices deeper in the pile, the
correlation coefficient changes sign, which is natural: since
a pile has a fixed number of single balls, if the number well
123
190 A. G. Swartz et al.
0 2 4 6 8 10































Fig. 5 Correlation between avalanche angle and the number of single
balls in a slice of the pile. Slices are 1 cm thick, and the values on the
horizontal axis indicate the distance from the upper edge of the slice
to the free surface of the pile. Correlation coefficients are normalized
to ±1 for perfect correlation. Three different compositions are shown:
4% singles (filled circle), 18% singles (multi symbol), and 58% singles
(open box). Inset: percentage of all single balls that lie in each slice, on
average
below the surface is larger than average, the number close to
the surface will perforce be smaller than usual. The crossover
from negative correlation occurs near the division between
the grains that move during avalanches and those that do not.
We propose that the individual spheres rest in local for-
mations of reduced stability, which begin to shift at an angle
where the rest of the pile would still be immobile. The mov-
ing portion can then jar neighboring grains and initiate an
avalanche. Similar formations may surround spheres deeper
in the pile, but they are less free to begin moving as the mass
above them increases. The large correlation between angle
of stability and ball location for the 18% pile, which has the
most even mixture of shapes in the relevant region of a few
cm from the surface, supports this hypothesis. A configura-
tion with more single balls near the surface is more likely
to have at least one relatively unstable and unconstrained
local arrangement, which would lead to an avalanche at a low
angle. The 58% pile always has many single balls very close
to the surface, leading to enough of the less stable formations
near individual spheres that the existence of such regions is
no longer a dominant factor in the angle of stability. At the
other extreme, the 4% pile so seldom has single balls near
the pile’s surface that any unstable formations around single
balls have little effect on the overall statistics.
A related explanation using surface traps has been
used to describe some qualitatively similar results on
monomer-dimer piles in three dimensions [34]. Like our
work, these experiments find a slight nonlinearity of stability
angle as a function of dimer weight fraction. A description in
terms of surface traps, and the ability of particles to escape
from such traps, shows reasonable agreement with the exper-
iments [34].
4 Conclusions
We have measured stability for various mixtures of smooth
small grains and less regular large grains. We find that radial
segregation in our system is governed primarily by size dif-
ference rather than shape, with the smaller grains moving to
the center of the container. We also find nonlinear behavior of
the angle of stability, characterized by a sharp decrease when
a few spheres are introduced into a homogeneous system of
hexagons. We further show the importance of individual con-
figurations. The spheres have much less influence on stability
when confined to the outer edge of the container, and have
the largest effect when they are positioned near the free sur-
face of the pile. For mixtures of these two grain shapes, the
locations of the spheres within the pile bears strongly on the
overall stability. The enhanced influence of the spheres when
they are near the free surface suggests that this portion of the
pile is the most important in determining stability.
We plan to extend this work in several ways. By using
faster rotation speeds we can observe dynamical angles of
repose. It will be particularly interesting to see whether the
hexagonal shapes still segregate to the outside of the con-
tainer at high speeds. We will also examine in more detail
how the segregation develops and how avalanches begin, and
look at mixtures of other grain shapes. Finally, we will con-
sider how to describe surface traps for hexagonal and other
grain shapes.
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